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Abstract
Let n and k be integers with n > k ≥ 1 and [n] =
{1, 2, ..., n}. The bipartite Kneser graph H(n, k) is the
graph with the all k-element and all (n−k)-element sub-
sets of [n] as vertices, and there is an edge between any
two vertices, when one is a subset of the other. In this
paper, we show that H(n, k) is an arc-transitive graph.
Also, we show thatH(n, 1) is a distance-transitive Cayley
graph. Finally, we determine the automorphism group of
the graphH(n, 1) and show thatAut(H(n, 1)) ∼= Sym([n])
× Z2, where Z2 is the cyclic group of order 2. Moreover,
we pose some open problems about the automorphism
group of the bipartite Kneser graph H(n, k).
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1 Introduction
For a positive integer n > 1, let [n] = {1, 2, ..., n} and V be the
set of all k-subsets and (n−k)-subsets of [n]. The bipartite Kneser
graph H(n, k) has V as its vertex set, and two vertices A,B
are connected if and only if A ⊂ B or B ⊂ A. If n = 2k it
is obvious that we do not have any edges, and in such a case,
H(n, k) is a null graph, and hence we assume that n ≥ 2k + 1.
It follows from the definition of the graph H(n, k) that it has
2
(
n
k
)
vertices and the degree of each of its vertices is
(
n−k
k
)
=(
n−k
n−2k
)
, hence it is a regular graph. It is clear that H(n, k) is a
bipartite graph. In fact, if V1 = {v ∈ V (H(n, k))| |v| = k} and
V2 = {v ∈ V (H(n, k))| |v| = n− k}, then {V1, V2} is a partition
of V (H(n, k)) and every edge of H(n, k) has a vertex in V1 and
a vertex in V2 and |V1| = |V2|. It is an easy task to show that the
graph H(n, k) is a connected graph. The bipartite Kneser graph
H(2n−1, n−1) is known as the middle cube MQn (Dalfo, Fiol,
Mitjana [2]) or regular hyper-star graph HS(2n, n)(Kim, Cheng,
Liptak, Lee [5]). It was conjectured by Dejter, Erdos, and Havel
[6] among others, thatMQn is Hamiltonian. The graphMQn has
been studied by various authors [2,5,6,8,12]. Recently, Mutze [12]
showed that the bipartite Kneser graph H(n, k) has a Hamilto-
nian cycle for all values of k. Among various interesting proper-
ties of the bipartite Kneser graph H(n, k), we are interested in
its automorphism group, and we want to know how this group
acts on its vertex set. Mirafzal [8] determined the automorphism
group of MQn = HS(2n, n) = H(2n − 1, n − 1) and showed
that HS(2n, n) is a vertex-transitive non-Cayley graph. Also, he
showed that H(2n − 1, n − 1) is arc-transitive. We show that
H(n, k) is a vertex-and arc-transitive graph for all values of k,
and hence its connectivity is maximum (Watkins [15]). Therefore
it is a suitable candidate for some designing in interconnection
networks. We determine the automorphism group of the graph
H(n, 1) and show that Aut(H(n, 1)) ∼= Sym([n]) × Z2, where
Z2 is the cyclic group of order 2. Also, we show that the graph
H(n, 1) is a Cayley graph.
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2 Preliminaries
In the first step of our work, we fix some definitions and notation
that we use in this paper. For all the terminology and notation
not defined here, we follow [1,3,4]. In this paper, a graph Γ =
(V,E) is a simple, connected and finite graph with vertex set V
and edge set E. If vi is adjacent to vj, that is, {vi, vj} ∈ E, then
we write vi ∼ vj. Let Γ be a graph with automorphism group
Aut(Γ). The graph Γ is called a vertex− transitive graph if the
group Aut(Γ) acts transitively on the vertex set V , namely, for
any x, y ∈ V (Γ), there is some pi in Aut(Γ), such that pi(x) =
y. For v ∈ V (Γ) and G = Aut(Γ), the stabilizer subgroup Gv
is the subgroup of G consisting of all automorphisms that fix
v. In the vertex-transitive case all stabilizer subgroups Gv are
conjugate in G, and consequently are isomorphic. The index of
Gv in G is given by the equation, |G : Gv| =
|G|
|Gv|
= |V (Γ)|.
We say that Γ is edge − transitive if the group Aut(Γ) acts
transitively on the edge set E, namely, for any {x, y}, {v, w} ∈
E(Γ), there is some pi in Aut(Γ), such that pi({x, y}) = {v, w}.
We say that Γ is symmetric (or arc−transitive) if for all vertices
u, v, x, y of Γ such that u and v are adjacent, and also, x and y
are adjacent, there is an automorphism pi in Aut(Γ) such that
pi(u) = x and pi(v) = y. We say that Γ is distance − transitive
if for all vertices u, v, x, y of Γ such that d(u, v) = d(x, y), where
d(u, v) denotes the distance between the vertices u and v in Γ,
there is an automorphism pi in Aut(Γ) such that pi(u) = x and
pi(v) = y. It is clear that we have a hierarchy of conditions (Biggs
[1]):
distance-transitive ⇒ symmetric⇒ vertex-transitive.
The family of distance-transitive graphs includes many inter-
esting and important graphs such as Hamming graphs, Kneser
graphs and Johnson graphs [1,4].
Let G be a finite group and Ω a subset of G such that it is
closed under taking inverses and does not contain the identity.
A Cayley graph Γ = Cay(G,Ω) is a graph whose vertex set and
edge set are as follows: V (Γ) = G; E(Γ) = {{x, y} | x−1y ∈ Ω}
It is well known that every Cayley graph is a vertex-transitive
graph [1,4].
We show thatH(n, 1) ∼= Cay(D2n,Ω), where D2n =< a, b | a
n =
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b2 = 1, ba = a−1b > is the dihedral group of order 2n and
Ω = {ab, a2b, ..., an−1b}, which is an inverse-closed subset of
D2n − {1} (note that (a
ib)2 = 1 and hence the inverse of aib
is aib).
3 Main results
Let [n] = {1, 2, ..., n}, and A and B are m-subsets of [n]. Let
|A ∩ B| = t and θ be a permutation in Sym([n]). It is an easy
task to show that |fθ(A) ∩ fθ(B)| = t, where fθ({x1, ..., xm}) =
{θ(x1), ..., θ(xm)}. Moreover, if A ⊂ B, then fθ(A) ⊂ fθ(B).
Therefore if θ ∈ Sym[n], then
fθ : V (H(n, k)) −→ V (H(n, k)), fθ({x1, ..., xt}) =
{θ(x1), ..., θ(xt)}, t ∈ {k, n− k}
is an automorphism of H(n, k), and the mapping
ψ : Sym([n]) −→ Aut(H(n, k)), defined by this rule ψ(θ) = fθ
is an injection.
Also, the mapping α : V (Γ) → V (Γ), defined by this rule
α(v) = vc, where vc is the complement of the subset v in [n], is
an automorphism of the bipartite Kneser graph H(n, k), because
if A ⊂ B, then Bc ⊂ Ac, and hence if {A,B} is an edge of
the graph H(n, k), then {α(A), α(B)} is an edge of the graph
H(n, k).
Lemma 3.1. The graph H(n, k) is a vertex-transitive graph.
Proof. Let [n] = {1, 2, ..., n}, Γ = H(n, k) and V = V (Γ). It is
easy to prove that the graph Γ is a regular bipartite graph. In
fact, if V1 = {v ∈ V | |v| = k} and V2 = {v ∈ V | |v| = n − k}
then V = V1 ∪ V2 and |V1| = |V2|=
(
n
k
)
, and every edge of Γ
has a vertex in V1 and a vertex in V2. Suppose u, v ∈ V . In the
following steps, we show that Γ is a vertex-transitive graph.
(i) If both of the two vertices u and v lie in V1 and |u∩ v| = t,
then we may assume that u = {x1, ..., xt, u1, ..., uk−t} and
v = {x1, ..., xt, v1, ..., vk−t}, where xi, ui, vi ∈ [n]. Let σ be a
permutation of Sym([n]) such that σ(xi) = xi, σ(ui) = vi and
σ(wi) = wi, where wi ∈ [n]− (u ∪ v). Thus, as mentioned early,
σ induces an automorphism fσ : V (Γ) → V (Γ) and we have
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fσ{x1, ..., xt, u1, ..., uk−t} = {σ(x1), ..., σ(xt), σ(u1), ..., σ(uk−t)}.
Therefore, fσ(u) = v.
(ii) We now assume that both of the two vertices u and v lie in
V2. We saw that the mapping α : V (Γ) → V (Γ), defined by the
rule α(v) = vc, where vc is the complement of the set v in [n] (for
every v in V ), is an automorphism of Γ. Therefore, α(u), α(v) ∈
V1, and hence there is an automorphism fσ in Aut(Γ) such that
fσ(α(u)) = α(v), thus (α
−1fσα)(u) = v.
(iii) Now, let u ∈ V1 and v ∈ V2, thus α(v) ∈ V1, and hence
there is an automorphism fσ in Aut(Γ) such that fσ(u) = α(v),
thus (α−1fσ)(u) = v.
Theorem 3.2. The graph H(n, k) is a symmetric (or arc-
transitive) graph.
Proof. Let Γ = H(n, k) and G = Aut(Γ). Since Γ is a vertex-
transitive graph, thus it is enough to show that Gv acts transi-
tively on N(v) for any v ∈ V (Γ) [1, chapter 15]. Without loss
of generality, we may assume that v = {x1, x2, ..., xk} ∈ V1,
xi ∈ [n], where V1 is as defined in Lemma 3.1. and k < n − k.
Hence, N(v) = {x1, x2, ..., xk, y1, y2, ..., yn−2k}, where yi ∈ [n]−v.
Suppose u, w ∈ N(v) such that |u ∩ w| = k + t, then we may
assume u = {x1, ..., xk, y1, ..., yt, u1, ..., un−2k−t} and
w = {x1, ..., xk, y1, ..., yt, w1, ..., wn−2k−t}. Let σ be a permuta-
tion of Sym([n]) such that σ(xi) = xi, σ(yi) = yi, σ(ui) = wi
and σ(z) = z, where z ∈ [n]− (u ∪ v ∪ w). Therefore, σ induces
an automorphism fσ : V (Γ)→ V (Γ) and hence we have;
fσ({x1, ..., xk, y1, ..., yt, u1, ..., un−2k−t}) =
{σ(x1), ..., σ(xk), σ(y1), ..., σ(yt), σ(u1), ..., σ(un−2k−t)}=
{x1, ..., xk, y1, ..., yt, w1, ..., wn−2k−t}. Therefore, fσ(u) = w.
Corollary 3.3. The connectivity of the bipartite Kneser graph
H(n, k) is maximum, namely,
(
n−k
k
)
.
Proof. Since the bipartite Kneser graph H(n, k) is a symmetric
graph, then it is edge-transitive. On the other hand, this graph is
regular with valency
(
n−k
k
)
. Now, note that the connectivity of a
connected edge-transitive graph is equal to its minimum degree
(Watkins [15]).
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Proposition 3.4. H(n, 1) is a distance-transitive graph.
Proof. Let [n] = {1, 2, ..., n} and vi = [n]−{i}, i ∈ [n]. We know
that the vertex set of the bipartite Kneser graph Γ = H(n, 1) is
V = {{1}, {2}, ..., {n}, v1, v2, ..., vn}.
Let G = Aut(Γ). We consider the vertex v = v1 = {2, 3, ..., n},
and let Γi(v) be the set of vertices w in V (Γ) at distance i
from v. Then Γ0(v) = {v}, Γ1(v) = {{2}, {3}, ..., {n}}, Γ2(v) =
{v2, v3, ..., vn} and Γ3(v) = {{1}}. Hence, the diameter of Γ is 3,
because Γ is a vertex-transitive graph. Therefore, it is sufficient
to show that the vertex-stabilizer Gv is transitive on the set Γr(v)
for every r ∈ {0, 1, 2, 3} [1, chapter 20], because Γ is a vertex-
transitive graph. Consider the cycle ρ = (2, 3, ..., n) ∈ Sym([n])
and let H =< fρ > be the cyclic group generated by fρ in
G = Aut(Γ). Then, it is obvious that fρ fixes v and the sub-
group H is transitive on Γ1(v) = {{2}, {3}, ..., {n}}. Thus Gv,
the stabilizer subgroup of v in G, is transitive on the set Γ1(v).
Also, for every vi, vj (where i, j > 1) in Γ2(v), the transposition
τ = (i, j) in Sym([n]) is such that fτ fixes the vertex v and we
have fτ(vi) = vj . Therefore, Gv is transitive on the set Γ2(v). It is
obvious that the identity subgroup of Sym([n]) is transitive on
Γ3(v).
We now want to investigate Cayley properties of the bipartite
Kneser graph H(n, k). We show that if k = 1, then H(n, k) is a
Cayley graph.
Proposition 3.5. The bipartite Kneser graph H(n, 1) is a Cay-
ley graph.
Proof. Let [n] = {1, 2, ..., n}, ∆ = H(n, 1) and Γ = Cay(D2n,Ω),
where D2n=< a, b | a
n = b2 = 1, ba = a−1b > is the dihedral
group of order 2n, Ω = {ab, a2b, ..., an−1b}, which is an inverse-
closed subset of D2n − {1} (note that (a
ib)
2
= 1). We show that
Γ is isomorphic to the graph H(n, 1). Consider the following
mapping f
f : V (∆) −→ V (Γ)
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f(v) =
{
ai v = {i}, i ∈ [n],
ajb v = [n]− {j}, j ∈ [n],
It is is clear that f is a bijective mapping. Let {i} and [n]−{j}
be two vertices of ∆, then
{i} ∼ [n]− {j} ⇔ {i} ⊂ [n]− {j} ⇔ i 6= j {i} ∼ [n]− {j}
⇔ (ai)−1ajb ∈ Ω⇔ ai ∼ ajb⇔ f({i}) ∼ f([n]− {j}).
Note that if i = j, then (ai)−1ajb = b /∈ Ω. Thus, H(n, 1) ∼=
Γ.
Mirafzal [8] showed that if k ≥ 3, then the bipartite Kneser
graph H(2k − 1, k − 1) is not a Cayley graph. We now ask the
following question.
Question 1 For what values of k, the bipartite Kneser graph
H(n, k) is a Cayley graph?
We now proceed to determine the automorphism group of the
graph H(n, 1). We know that an automorphism of a graph X
is a permutation on its vertex set V that preserves adjacency
relations. The automorphism group of X , denoted by Aut(X),
is the set of all automorphisms of X with the binary operation
of composition of functions. In most situations, it is difficult to
determine the automorphism group of a graph, but there are
various of these results in the literature and some of the recent
works come in the references [7,8,9,10,11,13,14].
Theorem 3.6. Let H(n, 1) be a bipartite Kneser graph. Then,
Aut(H(n, 1)) ∼= Sym([n]) × Z2, where Z2 is the cyclic group of
order 2.
Proof. Let [n] = {1, 2, ..., n}. Throughout the proof we let {i} =
i and vi = [n] − {i} for 1 ≤ i ≤ n. Hence, the vertex set of the
bipartite Kneser graph H(n, 1) is V = {1, 2, ..., n, v1, v2, ..., vn}
and in H(n, 1), i ∼ vj , if and only if i 6= j. We now consider the
complement of the graph H(n, 1). Let Γ be the complement of
the graph H(n, 1). Therefore, the vertex set of Γ is V and each
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edge of Γ is of the form [i, j] or [vi, vj] for i, j ∈ [n], when i 6= j
or [i, vi]. We know that if X is a graph and X¯ is its complement,
then Aut(X) = Aut(X¯). Hence, in some cases for determining
Aut(X), it is better to find Aut(X¯).
Let G = Aut(Γ). In the first step, we show that |Aut(Γ)| ≤
2(n!).
Let G1 be the stabilizer of the vertex 1 in the graph Γ. Let
f ∈ G1. Thus, f is an automorphism of Γ that fixes the vertex 1.
LetN(1) be the set of vertices of Γ that are adjacent to the vertex
1. Note that N(1) = {v1, 2, ..., n}. Let S =< N(1) > be the
induced subgraph of N(1) in Γ. Therefore, the mapping f|N(1) :
N(1) −→ N(1), the restriction of f to N(1), is an automorphism
of the graph S. Since v1 = [n] − 1 is the unique isolated vertex
in S, hence each automorphism of S fixes the vertex v1. Since
the induced subgraph of {2, ..., n} is a (n−1)-clique in the graph
S, thus if θ is an element of Sym(S) that fixes v1, then θ is an
automorphism of S, and hence Aut(S) ∼= Sym([n− 1]).
We now define the mapping φ : Aut(Γ)1 = G1 −→ Aut(S), by
the rule φ(f) = f|N(1) , for every f ∈ Aut(Γ). It is trivial that φ
is a group homomorphism. Let K = Ker(φ), the kernel of the
homomorphism φ. We show that K = {1}, the identity group.
If g ∈ K, then g(1) = 1 and g|N(1) = 1, and hence g(v1) = v1,
g(j) = j for (2 ≤ j ≤ n). For each j for 1 ≤ j ≤ n, vertices
vj and j are adjacent, therefore vertices g(vj) and g(j) = j are
adjacent, and it follows that g(vj) = vj . Therefore, we must
have g = 1, the identity automorphism of Γ, and consequently
Ker(φ) = {1}, and thus φ is an injection.
Since φ is an injection, then we have
G1 ∼= φ(G1) ≤ Sym([n− 1]),
where G1 = Aut(Γ)1, and hence |G1| ≤ (n − 1)!. On the other
hand, Γ is a vertex-transitive graph, hence by the orbit-stabilizer
theorem, we have |V (Γ)| = 2n = |G|
|G1|
, which implies that
|G| = 2n|G1| ≤ 2n((n− 1))! = 2(n!) (1)
Since Γ is the complement of the graph H(n, 1), we now con-
clude that |Aut(H(n, 1))| ≤ 2(n!).
Now, if we find a subgroup H of G of order 2(n!), where G is the
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automorphism group of H(n, 1), then from (1) we can conclude
that G = H .
We know that the set {fθ| θ ∈ Sym([n])} = K, is a sub-
group of Aut(H(n, 1)). Also, we know that the mapping α :
V (Γ) −→ V (Γ), α(v) = vc where vc is the complement of
the set v in [n], is also an automorphism of H(n, 1), namely,
α ∈ G = Aut(H(n, 1)).
We show that α 6∈ K. If α ∈ K, then there is a θ ∈ Sym([n])
such that fθ = α. Since o(α) = 2 (o(α) = order of α), then
o(fθ) = o(θ) = 2. We assert that θ has no fixed points, namely,
θ(x) 6= x, for every x ∈ [n]. In fact, if x ∈ [n], and θ(x) = x, then
for the k-set v = {x, y1, ..., yk−1} ⊆ [n], we have
fθ(v) = {θ(x), θ(y1), ..., θ(yk−1)} = {x, θ(y1), ..., θ(yk−1)},
and hence x ∈ fθ(v) ∩ v, and therefore fθ(v) 6= v
c = α(v),
which is a contradiction. Therefore, θ has a form such as θ =
(x1, y1)...(xm, ym), where (xi, yi) is a transposition of Sym([n]),
which is impossible if n is an odd integer (note that 2m = n).
We now assume that n = 2m is an even integer. Then, for the
m-subset v = {x1, y1, x2, ..., xm−1} of [n], we have
α(v) = fθ(v) = {θ(x1), θ(y1), θ(xm−1)}= {y1, x1, ..., θ(xm−1)},
and thus x1, y1 ∈ fθ(v) ∩ v, hence fθ(v) 6= v
c = α(v), which is
also a contradiction.
We assert that for every θ ∈ Sym([n]), we have fθα = αfθ. In
fact, if v = {x1, ..., xk} is a k-subset of [n], then there are yj ∈ [n]
for 1 ≤ j ≤ n − k, such that [n] = {x1, ..., xk, y1, ..., yn−k}. Now
we have fθα(v) = fθ{y1, ..., yn−k} = {θ(y1), ..., θ(yn−k)}.
On the other hand, we have
αfθ(v) = α{θ(x1), ..., θ(xk)} = {θ(y1), ..., θ(yn−k)},
because [n] = θ([n]) = {θ(x1), ..., θ(xk), θ(y1), ..., θ(yn−k)}. Con-
sequently, fθα(v) = αfθ(v). We now deduce that fθα = αfθ.
Note that if X is a group and Y, Z are subgroups of X , then
the subset Y Z = {yz | y ∈ Y, z ∈ Z} is a subgroup in X if
and only if Y Z = ZY . According to this fact, we conclude that
K < α > is a subgroup of G.
Since α 6∈ K and o(α) = 2, then K < α > is a subgroup of G
of order
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|K||<α>|
|K∩<α>|
= 2|K| = 2(n)!
Now, since by (1) |G| ≤ 2(n!), then G = K < α >. On the
other hand, since fθα = αfθ, for every θ ∈ Sym([n]), then K and
< α > are normal subgroups of G. Thus, G is a direct product
of two groups K and < α >, namely, we have G = K× < α >∼=
Sym([n])× Z2.
Mirafzal [8] proved the following theorem.
Theorem 3.7. [8] Let n = 2k−1. Then, for the bipartite Kneser
graph H(n, k−1), we have Aut(H(n, k)) ∼= Sym([n])⋊Z2, where
Z2 is the cyclic group of order 2.
We can show by Theorem 3.7. and the last part of the proof
of Theorem 3.6. the following theorem.
Theorem 3.8. Let n = 2k − 1. Then, for the bipartite Kneser
graph H(n, k−1), we have Aut(H(n, k)) ∼= Sym([n])×Z2, where
Z2 is the cyclic group of order 2.
Now, it is natural to ask the following question.
Question 2 Is the above theorem true for all possible values
of n, k ( 2k 6= n)?
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